FELAXATION OF ANHARMONIC MOLECULES

G. V. Dubrovskii and V. M. Strel'chenya UDC 533.6.011.8

The inclusion of anharmonic effects is important in vibrational population inver-
sions in CO-lasers [1l, 2], in relaxation processes in jets [3], in thermal dissocia-
tion [1], in the kinetics of chemical reactions with high thresholds [4], etc.
Usually these effects are studied by including anharmonic corrections to the
kinetic constants in the discrete model of single-quantum transitions or in the
diffusion approximation [1, 2]. 1In [5] a method was given of solving the relaxa-
tion equations fro arbitrary forms of the rate constants and the spectrum of the
molecule. The method is valid when the ratio of the population densities of
neighboring levels varies smoothly with quantum number. It was shown in [5] that
this approximation can be used to construct analytical solutions for a wide class
of problems. In the present paper the method of {5] is extended to the case of
equations with variable coefficients. The properties of the solutions for VT-
relaxation of anharmonic molecules are analyzed, and the inclusion of sources is
considered. A simple method of taking into account multiple-quantum transitions
is given, as well as an extension of the method to an arbitrary mixture of gases.
The population densities are calculated and the possibility of using our solutions
in relaxation gas dynamics is discussed.

1. Harmonic Model with Single-Quantum Transitions. We present briefly the principal
results of the harmonic model [1, 2] for a mixture of gases as needed below. The vibrational
relaxation of a mixture of harmonic molecules of types s = 1, 2, ... in the single-quantum
approximation reduces to a system of equations for the population densities ng(v, t) where

v is the number of the vibrational level, and their first moments aw@)==n:?zﬂvnshut) (the
average numbers of quanta per molecule): v

n.,s(v, ) = Gila(@®) v + Ynv + 1, &) —{F la@®)l(v + 1) -+ G,la(t)Ivindy, 1) + F la(f)lvn(v — 1, 1); (1.1)

s () = Koy (5) — [Kgo(s) — Ky ()] o (£))+ sg [K3 (55 5,) @s (1) (1 4+ o (8)) — K20 (s 59) e (£) (1 + ots(t))]'nsl. (1.2)

Here
Gsla ()] = Ko (s) + K (s, 8) ng (1 + o (8) + 2 K9 (s, 55) ne (14 o () (1.3)
8,78 )
Fola(t)] = Kog (s) + Koy (s, 5) neots (£) + ?: Ko (s, s,) ns, %, (£)s (1.4)

8
1
where K, (s), Kio(s, 5) = Kii (s, 5), Kii (s, 5,) = K3%(s,, s) are the rate constants of the corresponding

transitions for VI, VV, and VV' processes; a=(a,,a,, ..., &,...). For a Boltzmann heat reservoir
the detailed balance relation holds between the rate constants of the fundamental transitions:

e ‘ 0, 0,
Ky (s) = Kyg(s)exp (— 711), K5 (s, 5,) exp (— —27) = Kl (s, s,) xp (»——T—l), (1.5)

where T is the temperature of the gas, and O, = ko,/k is the characteristic vibrational
temperature of a molecule of type s.

The exact solution of the system (1.1), (1.2) is not known. In applications one
usually uses approximate or quasistationary solutions, which are valid for certain relations
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between the characteristic times of the VV, VV', and VT relaxation processes [1, 2]. This
is also the case for the solution of the corresponding equations in the presence of delta-
function sources [6]. The most interesting result of the harmonic model is canonical in-
variance, which states that an initial Boltzmann distribution in a single-component system
preserves its form in time

¢)
n, (v, t)zns[1~—exp (-—ﬁ;}-)]exp (_TV_.BS_)), (1.6)

and only the vibrational temperature Tg(t) changes. The latter is related to ag(t) by the
equation

. 8, \ @ o (0) —
exp —-735 —-f;jzﬁy, e (0) = Qeon (1.7)

2. VT Relaxation of Anharmonic Molecules. In the single-quantum approximation the
problem reduces to the solution of the system of equations

v, £) = Kypgw nv -1, 1) —[Kyyeq + Kyy-ylnfv, §) + Kooponf{v.— 1, 1), (2.1)

whose coefficients can depend on time through the temperature of the gas. We introduce, as
in [5], the ratio of neighboring population densities

X : Koo
S e = 1t) e — )= @2

v,v—1

After substitution of (2.2) into (2.1), and after several reductions analogous to those in
[5], we obtain a system of equations for the functions f(v, t):

fo, 1) = A, 9P, 1) + Bly, 0f(v,1) + CO, 0 -+ (v, DI, 1), (2.3)

where A(v, f) = Kvyyvia — Kv‘,§+1; 3

B(v, 1) = Ky w11 + Kyy—1 — Kvpyvia — Ky
Clv, 1) = Koryv — Kyvis

% (v, £) = &(v, t)——%lna(v, £);
, 1) 1.t
£ 8 = Koes [1 =130, — Koaia |1 = L8R 10, 0,
When the dependence of f(v, t) on v is smooth we have, approximately

TRNT TR YN 2.4
Tiv—1, 0" Ffv,.?) ~1, IB(V, t)l<<1 ( )

If the time scales of f(v, t) and In a(v, t) are significantly different, the quantity
k(v, t) is small. Therefore the solution of the system (2.3) can be written as a power
series in «

fst) = D00, it (v £700), Fn 0=V (v, 0) =], (+). (2.5)

I

To zero order in k, (2.3) is a general Riccati equation, whose coefficients satisfy
A(v, t) + B(v, t) + C(v, t) = 0. In this case the general solution is {71

i
1+ fy )+ 1= 1, ()] !5 E(v, ) [A(v, #) + C (v, )] & —E (v, t>}
0 ; (2.6)

fw).(\’v t) = 3 : :
‘ 14+ 11—/, ()] { g E(v, )[4, ')+ C (v, )] dt' + E(v, t)}
0

t
E ('V.’, t) == exp {‘g [A (Vz t') —C (v, "] dt’}- (2.7)
0
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After substitution of (2.5) into (2.3) we obtain a linear equation for the %-th correc-
tion

1—
'!(l) (v, £} = [2/1 (v, ) i (vs £) + B (v, t)] f”) (vit) + A(v, ) 21 f(k) (vy £) f(l-m (v, £} + f(l-l) (v, t). (2.8)
' - k=1

Hence

t -1 .
10w, 1) = D (v, ) g D7 (v, t) [_A(v, t) BP0 ) P )+ t’)]dt’z— (2.9)
D (v, t)==exp {S [2/1 (v, t’)fw) (v, ') + Bv, t') ]dt'}.
0

Successive application of (2.2) gives for the population densities n(v, t) the expression

VO W

v—1
no, ) =@ O I e® 10, Q=1+ lga(k)f(k,t),- (2.10)

Vi
where v, is the limiting value of the discrete vibrational spectrum.

We discuss the basic properties of the solution. First, it has the correct normalization
for any form of the function f(v, t). If the coefficients of the system (2.1) do not depend
on time (relaxation into a heat reservoir), then the solution (2.6) reduces to that found in
{5]. 1Indeed, in this case

TI(V) = C(v) — A(W) = Kyi1v — Kyirvrz + Kowpr — Kev-1s (2.11)

and (2.6), with the help of (2.11), takes the form

O (y, 1) = [{—fojexp [— TR (V) +/ (v)—B (V)v
» ok {t—ryWjexp [~ v I+ f (V) —B(v) 7

B(v) = (Kyi1v — Kv,v—l)/(KvH,v-f-z — Ky viq).

(2.12)

For a monotonic dependence of the rate constants on the quantum numbers and temperature it
follows from (2.7) that E(v, t) > 0. Therefore when > 1(v) fOv, £~ {1 and the solution
t

>0
(2.10) gives the quasistationary distribution nd9(v) determined by the well-known condition

(8]
)y — 1) = afv — 1). (2.13)

For a Boltzmann heat reservoir ahz—-i);;gxb {—le(v) —e(v — DI/AT} 4nd with the help of (2.13),
equation (2.10) reduces to a Boltzmann distribution with the exact anharmonic spectrum
e(v):

ﬁQ(v) = 1B (v) = nQ;1 exp [— e(&)/kT], Q, = ;O‘ exp [— e (v)/kT]. (2.14)

If t(v) in (2.11) is interpreted as the relaxation time of the function f(v, t), then the
evolution of the population density of level v is determined, as seen from (2.10), by all
() with 0 < p < v — 1.

We consider the behavior of the solution (2.10) in the harmonic approximation for a
non-Boltzmann heat reservoir, when 17! = K, — Ky, B = KKy = a1, fo¥) = Br(v, O¥n{v — 1,0) =

ﬁcp(v): [ ‘1 _t N
af(v, y=q v, t)=le "[1—Po ]+ ¢ () — 1}1{8 M—PoW)] + Blov) — 1],}- (2.15)

We see from (2.15) that for the harmonic model the dependence of q(v, t) on v is determined
by the initial conditions only. If this dependence is weak then q(v, t) = q(t) and the
solution (2.10) gives
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n(v, t) = nlt — q(t)1g*(t). (2.16)

The function q(t) can be expressed in terms of a(t), whose explicit form (with the inclusion
of VT transitions only) is found from (1.2) without the terms inside the square brackets:

a(t) = 1/(B — 1) + [a(0) — 1/(p — 1)) exp (—t/1). (2.17)

Combining (2.17) and (2.15), we have g¢(#) = a(t)/[1 + a(®)], a(0) = ¢(v)/I1 — ¢(v)] . With the help
of (1.7) the solution (2.16) transforms into (1.6), i.e., it has the property of canonical
invariance. Therefore canonical invariance is a consequence of the harmonic approximation
for the rate coefficients and the smoothness of the initial distribution. The solution
(2.16) can be considered as a generalization of (1.6) for a non-Boltzmann heat reservoir and
when q(v, t) is weakly dependent on v.

A simplification of the general solution (2.10) is possible by expressing the functions
A...E, £,(v), a(v, t) in terms of the VT transition rate constants.

As an illustration we calculated the distribution function, as given by (2.10), for the
system Ar + N, in a Boltzmann heat reservoir, for both the harmonic model (Fig. 1, dashed
curves) and the anharmonic model (solid curves) for various gas temperatures T and initial
vibrational temperatures Ty(0). Figure 1, which presents graphs of the distribution function
at the times t = 10%'%, 10!%, 10%*, 10'% a.e. (curves 1 through 4) for Ty(0) = 1000°K, T =
300°K, shows that anharmonic effects lead to a slowing of the relaxation and to a violation
of canonical invariance. When we have the opposite relation between the temperatures
(Ty(0) = 300°K, T = 1000°K) the relaxation time to equilibrium is comparable in the two
models (Fig. 2, t = 107, 10%, 10°, 10!° a.e.; curves 1 through 4), however the deviation
from canonical invariance becomes much more significant when anharmonic effects are taken
into account. In the calculations the data for the VT exchange rate constants in the system
Ar + N, was taken from [9].

3. Relaxation of Anharmonic Molecules in the Presence of Sources. In the presence of
external sources the original system of equations (2.1) is more conveniently written in vector
form (n(t) = (n(0, t), n(1l, t), ..., n(vy, T)))

a(t) = K-n(t) + Win(®), ¢, n(0) = n, (3.1)

where the vector II', which in general depends on the population densities n(t) and the time t,
describes a set of sources.

A. Let T be a constant vector, i.e., in the gas we have a group of sources and sinks
with constant intensity I(v). The solution of the linear inhomogeneous system (3.1) is
written as a sum of a general solution n,(t) of the homogeneous system (as found in Sec. 2),
and a particular solution n,(t) of the inhomogeneous system

n(t) = ny(t) + na(t). (3.2)

The inhomogeneous solution is written in the form
v

ny () = wone + g (1) n= 3 (), (3.3)

where the vector n’ is obtained from the condition

Va

Kn®=0, Xn®=1 (3.4)

V==

and hence n°® is the quasistationary distribution in a system without sources. According to
(2.10), the solution of the system (3.4) has the form

o o oy TT Zumts 0 X 11 Funts - (3.5)
n0 (v) = n* (0) [T 222, n°(0) = 14 N JT gt )
p=0 "4 = v=0 pru

=0 +1.

After substitution of (3.2) through (3.4) into (3.1), we obtain for g
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g—_—;K.g+H—‘n°n. (3'6)

Because it is sufficient to find an arbitrary particular solution of the system (3.1), we
assume that g = const. Then it follows from (3.6) that

K.g = n'y — IL (3.7)

Equation (3.7) leads (in the single-quantum approximation) to the system of recursion rela-
tions between the components of the vector g:
g(v -+ DKyprv = gV)(Kyvi1 + Kvv-1) — 80 — DEKv-1v 4 np’(v) — I(v),

and the solution is found in the explicit form

v
= 2(0 n? (v n(VRp—1)—P{p—1) >1; 3.8
g =205+ gn(m K V2 (3.8)

where the quantity g(0) is determined from the normalization condition ISg(v) 0

g(o)"no(O)E\‘n (V)P(P — 1) ‘—R(I_L . (3‘9)

ve=g p—p (1) [‘u,u 1

(l I_/c

Here R (v) = 1] V

(

) n®(u); P(v)== ﬂ ()-

B. We consider the case when I is a vector which is linear in n(t):
Inm= A.'n(t)a' (3.10)
where A is a diagonal matrix with elements A,. For example XA, > 0 for an electron excita-
tion and A, < 0 for dissociation. WIth the help of (3.10), the system (3.1) takes the

form
n(t) = (K + A)-n(). (3.11)

The general solution of (3.11) is written in the same form as in Sec. 2, where it is
assumed that the method of (2.4) still holds when there are sources. After replacing (2.2)
and performing a series of reductions, we obtain in place of (2.3)

fvs ) = A(vy D)f(vs 1) + [B(vs £) = Aypy(t) ——'M(t)]]‘(v, t) 4 Clvs 1) + n(vs Of(vs £). (3.12)



This is a general Riccati equation and can be integrated only for particular choices of the
kv(t) (for example when i, -.xv-g7¢<<1 ). Therefore we assume that the coefficients in
the system (3.11) are constants. Then (3.12) can be written as

ﬂv,t):;A(vaWzt)—~zde[ﬂ§,t)-zﬂvﬂ + &(vs t) (3.13)

where z; ,(v) are the roots of the quadratic equation (z; < z,)

2(v) -+ 2y(v)z(v) + p(v) =0 (3.14)

with y(v) == Ay, — Ay + B(v)1/24{v) . With the condition (2.4) we find from (3.13), to zero
order in ¢
4

e“r(—v)'z2 ) [z, (%) — , }— 7, {¥) [z, (V) — £, (V)]
1 T -

fv, 1) =

1 (3.15)
e Wiz, (v) — f, (V)] - [5, (V) — fo )]

1Y) = (Kypr,vie — Kovia)[2:(v) — 2,(v) L.
If the intensities of the sources are such that there are two identical roots in (3.14),
then in place of (3.15) we have (z; = z, = vB(Vv))
. t -1
Fvs ) = 2, (v) — [2; (v) — fo (V)] [1 + (35 (v) — o (%)) 'T(V)] P (3.16)
1) = Kvirvis — Kvvir-
When (3.14) has complex conjugate roots the solution of (3.13) takes the form

o )+ {3 ) [BO) = ¥ G2 [, )+ 3 0]} 55
~ (3.17)

fv, ) = ] A
=B =y I (f, )+ v te

THV) = (Kvirvia — Kovid) [BO) — p*(v) 12

Unlike (3.15) and (3.16), the solution (3.17) has an unusual structure: it describes an
oscillation of the function f(v, t) about the initial value f,(v), which is typical in self-
oscillating relaxation regimes [10]. Since in this case the condition (2.4) is rapidly vio-
lated, this solution is valid only when f(v, t) ~ f,(v).

4. Inclusion of Multiple-Quantum Transitions. We consider now the possibility of
approximately taking into account multiple transitions in our method. Multiple-quantum
transitions are significant for the vibrational relaxation of strongly excited molecules.
We write the right hand side of the system (2.1) as a sum over the number of transferred
quanta

;l('\’}, t) = % [va_m,‘vn (v+ 8, t) — (Kvyis + Bvvg)n(v, t) + Ky_gn(v— 63 t). (4.1)

Generalizing (2.2), we find

d—1
n+ & =nmt)latv+piE+um) (4.2)
n=o

Substituting (4.2) into (4.1) we obtain in place of (2.3)

f&”,’ 7 %‘a [6(v,8) £ (v, 1) + ¢ (v, ) +d (v, 1" (v )] + e (v, 1). (4.3)

Here b, c, and d are coefficients which can be expressed in terms of the rate constants of
multiple-quantum transitions. We assume that these coefficients are constants, and the
quantity e(v, t) is, as before, small (|e| << 1) when the condition (2.4) is satisfied.
The general solution of (4.3) to zero order in e reduces to quadratures
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Av,0)

-1
\ dz{zz (B (v, 8)2° + ¢ (v, 8) + d (v, ) "’l} .
i‘,(v)
Note that if, in addition to (2.4), the condition a{v) = a{v — 1) is also satisfied, then the
solution of (4.3) is simple

exp [— /v ()] {1 — £, (v)] B* (v) — [B* (v) — £, (V)]
T ) = = =T T — 7, M = [ W =T, *

where

[t* ()]~ E§TWWﬂ=&&um4—mma 4.5

— Kv+1,v+1+6 + Ky vishs

) -1
ﬁ* (V) = [6§ (Kv+1,v+1~—6 - Kv,v_—ﬁ)] [6§ (Kv+1,v+1+6 _ Kv,v_+6)}

It is evident that each of the terms in (4.4) can be interpreted as an inverse relaxation
time of the function f(v, t) due to transitions where the quantum number changes by the
quantity 6.

5. Vibrational Relaxation in a Mixture of Anharmonic Molecules. We consider an arbi-
trary mixture of anharmonic molecules of types s = 1, 2, ... and write the system of equa-
tions for the mixture in the form (single-quantum transitions)

e (v, 8) = Ky (8, ) na (v + 1, ) — [ Ko yyy (5, 8) + Kunei (s, )] 26 (v, £) + Ko—ao (s, ) (v — 1, 1), (5+1)

where the ccoefficients Kﬁv(s, t) are determined by

K:+1,v (s, £) = Kvr,v () + Myian (s, 8) + ﬂ’[;ﬁ"x,v (s, 8), K:,Y—H(S’ 1) (5.2)
= Ky i1 (8) + Nonga (8, 8) + Nowia (s, 8),
Mypiv(s t) = 2 K%fﬁ‘} (s, 8) s (w, 2), fu{u}-l,v (s, 2) = 2 K5+u1+\?1 (8,5 )nsl'(ﬂ: t),
m 1,8,

Nvvia(s ) = ZEVI (50 ) m e+ 1,8, Nyia(s, 1)

= 2 KV v-L1 5' Sl) nsl (}L + 1, t).
gy

If we assume that the dominant contribution to the moments of the distribution function comes

from the lower levels, for which the harmonic model in p can be used for the rate coefficients
{1, 2], then it is not difficult to obtain approximate relations for M and N which are analo-

gous to the corresponding terms in (1.3) and (1.4):

Myipyn(s, ) = ns [l + as (D KV (8, 8), Mugyv(s, t) = S‘ ns |1+ s (t)]Kmv(% 8.)s (5.3)

NV,VjH (s; t) = no (1) K\Iz?v-Fl (s ), N:;,v+1 (s28) == ) Mo G, (t) K«‘;?vg (85 5,).

Sl;bs

Here K&é(l°) are the effective rate constants of the corresponding transitions. In the

framework of the approximation (5.3), using the method discussed in Sec. 2, we can obtain an
analytical solution of the system (5.1). It is sufficient to replace K v by K {iv in equations
(2.6) through (2.10). The time dependence of the functions aglt) is determlned from the
solution of a system analogous to (1.2).

If the moments M, and Ny are slowly varying functions of time over times of the order
of the relaxation times Ts(v) (determlned below) then one can use (2.12) for fq(v, t) in
(2.10). With the help of (2.11) we then obtain the following relation for Ts(v)
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(V) = [Kviav (8) 4 Byvan (8) — Byigvsa (8) — Ky vy (9]
F UMy 50 () + Nyvir () = Mowma (8) — Nosr v (91 +
A [ Muosyn(s) 4 Nywir (8) = Myxy () — Mot van (9],

which shows that the relaxation time of the function fg(v, t) is given by the largest of the
VI, VV, or VV' relaxation times. The advantage of this solution is that when t >> Ts(v)
(2.10) transforms into the quasistationary distribution which is described by an expression

analogous to (2.13) [8]: .
nl KL

n?(\‘ — 1} o A\* V=1 (s)'

(5.4)

If we substitute the exact expression for the moments (5.2) into (5.4), then the solu-
tion of this system will naturally be the stationary Boltzmann distribution (2.14). Quasi-
stationary distributions are formed for particular times and regions of the spectrum when
one of the processes in the limit t >> 14(v) is dominant. For example, if in a given
region of the spectrum VV processes are dominant, then a distribution of the Trinor type
{1, 2] is valid

nd(v, 1) = nQ; exp vy, (1) — e, (AT},

where the partition function Qg is assumed known over the distribution valid for all v.
The quantity xg(t) remains undetermined by the condition (5.4) and the exact expressions
(5.2). 1If we use the approximation (5.3) we can write

8\ o,
exp [ys (E)] = exp (7—) Ta@ =6k

A system of equations for a(t) of the form

a = Ox) (5.5)

is obtained by differentiating the relation a,(t) =n;' Y vn,(v,t) with respect to t, and
v

using (5.1) and the explicit solution from from (5.4). The Trinor exponent xg(t) can have
either sign depending on the quantity ag(t). We see from (1.7) that the sign of xg(t) is
the same as that of the difference Tg(t) — T.

A more exact quasistationary distribution can be found by using other solutions of (5.4)
which are consistent with equations (5.5) or their more exact analogs obtained from (5.3).

6. Dynamical Equations of a Vibrationally Nonequilibrium Gas. The analytical solutions
found above can be used to construct a new, more exact model of relaxation gasdynamics
allowing a self-consistent treatment of the behavior of the population densities themselves,
and also the effect of relaxation processes on the flow dynamics.

We consider a mixture of diatomic molecules with slow vibrational relaxation. The
transport equations, including viscous, heat conduction, and relaxation effects are written
in the form

d d - d
Gr T evu=0 pT +yP=0, pg(E() + El~—y-a—Pivu, (6.1)
P=(p—¢v-u+p)l—2u8, p=nkTl, pE,=2ns(v)es(v,,

8,V

n=Zn), p=Zp. ==l — LML),

dn;t(\’) + n,(Vy-u = —y-[ns (V) ug (V)] + I (v);

v (¥) = 2 By, (v 1) ds, () —C.(v) ¥ In T,
Ls] .

d.(v) = vin,()/nl 4 In,(v)/n — p/plv p.
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Here S in the deformation rate tensor, ds(v) is the vector of the diffusive thermodynamic
forces, ug(v) is the velocity of diffusion of molecules of type s in vibrational state v;
U, &, pr are the coefficients of shear and bulk viscosity, and the relaxation pressure,
respectively; A is the thermal conductivity; Ls(v), Bssl(v, u) and C4(v) are quantities
expressible in terms of the coefficients of diffusion and thermodiffusion; Ig(v) is the
collision integral, taking into account VT, VV, VV' processes and sources; E(T) is the
energy density of the equilibrium degrees of freedom. A detailed discussion of the ex-
pressions for u, &, py, Lg(Vv), Bgg (v, u), Cg(v), A and their connection with the popula-
1

tion densities ng(v) for the case of slow relaxation is given in [11]. The general problem
(6.1) is extremely complicated, and therefore we discuss briefly possible methods of
simplification of the problem which could be used to find a solution for the distribution
function ng(v).

1. For an inviscid and non-heat-conductinggas (4 = £ = py = A = Cg(v) = Lg(v) =
Bssl(V’ u) = 0), vibrational relaxation affects the dynamics of the gas only through the
nonequilibrium vibrational energ density E,. Therefore one can include the relaxation
in the following approximate way.

When tg(v) << T << 1y, where 1y is the time to establish an equilibrium distribution
over the vibrational degrees of freedom, and T is the characteristic time scale of the flow,
ng(v) can be found from (2.13) and (5.4), considered as simultaneous equations with the gas-
dynamical equations. It is important to realize that this case does not lead to equilibrium
in the theory of jets [3] and quasistationary distributions are possible.

For a stationary, one-dimensional problem (plane flow, flow from a spherical source),
we can use solutions taking into account the parametric dependence of the coefficients on
time (or the coordinate), as obtained Sec. 2.

For nonstationary problems these solutions can be used if we write the equations in
Lagrangian coordinates [3]. 1In this case, E, can be calculated by taking a simplified
relaxation equation of the type (5.5) for a(t) (in particular, a generalization of the
Crookes approximation in the theory of VT relaxation [5]).

2. When viscous and heat-conduction properties of the gas are taken into account, our
solutions can be used to calculate both E, and the other relaxation coefficients. Of special
interest is an analytical solution of the problem with sources (Sec. 3). This problem is
relevant in the construction of mathematical models describing possible relaxation in-
stabilities.
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GAS~DYNAMIC ACCELERATION OF IONS IN AN INHOMOGENEOUS
MAGNETIC FIELD

E. M. Syresin UDC 621.039.61

1. Introduction. The basic features of gas-dynamic acceleration of ions in a homo-
geneous magnetic field were deduced in [1-4], wherein the existence of a Debye discon-
tinuity was indicated, and self-similar solutions constructed, permitting description of
ion acceleration for "steplike" application of the accelerating voltage. The form of the
potential well for oscillating electrons found in [2] is shown in Fig. 1. The behavior of
the potential at the Debye discontinuity is time-independent, while in the region ¢ < ¢p
the width of the well increases linearly with time.

As was shown in {3, 41, the efficiency of ion acceleration depends significantly on
the thickness of the anode foil. Therefore it is desirable to select the foil such that the
electrons transfer their energy to the accelerated ions significantly more rapidly than
they lose energy to the foil. However reduction in foil thickness leads not only to in-
creased ion acceleration efficiency, but also to a reduction in angular scattering of elec-
trons within the foil, which finally leads to cutoff of the diode and a reduction in ion
current density [4].

In order to weaken the corresponding diode cutoff limitation and increase the efficiency
of energy transfer to ions [3] proposed a method of gas-dynamic acceleration of ions in an
inhomogeneous magnetic field, of high level in the diode region, but weak in the acceleration
region (Fig. 2). An electron beam with supercritical current is injected into the drift
chamber between the sandwich of foils A and F, the space between which is filled by a
neutralizing plasma. Under such conditions a large portion of the electrons injected into
the chamber are reflected and begin to oscillate between the real cathode and a "virtual
cathode" which appears in the drift chamber beyond foil F. As a result a dense cloud of
oscillating electrons is formed near foils A and F. Under certain conditions the electrons
may produce on the surface of foil F, located in the weak magnetic field region, a layer of
plasma P, which serves as an ion source. Under the action of the electric field a cloud
of ions is extracted from this plasma, and compensating the space charge of the oscillating
electrons, is accelerated along the chamber.

The present study will evaluate the method of gas-dynamic acceleration of iomns in an
inhomogeneous magentic field proposed in [3] in two variants — a strongly scattering and
nonscattering foil F. In the first variant the presence of the inhomogeneous magnetic field
leads to an increase in ion current related to increase in the flux area in the acceleration
region, while in the second the increase in current is insignificant, but nevertheless the
efficiency of ion acceleration is increased, because all the energy of the oscillating
electrons in the accelerated region will be included in a longitudinal degree of freedom.
This fact leads to an increase in the rate of expansion of the plasma synthesized from
ions and oscillating electrons. Because of this increase in the mean rate of plasma ex-
pansion the efficiency of acceleration increases also.

2. Oscillating Electron Distribution Function. We will consider ion acceleration for
the case where the anode foil is strongly scattered and foil F is superthin. The thickness
of the anode foil is then such that the following relationships are satisfied:
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